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Abstract

The non-conformal analogue of Abelian T-duality transformations relating
pairs of axial and vector integrable models from the non-Abelian affine Toda
family is constructed and studied in detail.

PACS numbers: 11.25.Hf, 02.30.1k, 11.10.Lm

1. Introduction

Abelian T-duality in U (1)®* invariant 2D conformal field theories (CFTs) and in string theory
represents a set of specific canonical transformations that relate pairs of equivalent models
sharing the same spectrum, but with different o-model-like Lagrangians [1, 2]. The axial and
vector gauged G/ H-WZW models provide a vast variety of examples of such pairs of T-dual
models [3, 4]. On the other hand, the integrable perturbations of these G/H-WZW models
have been identified with the family of the so-called non-Abelian affine Toda theories [5-7].
An important feature of these integrable models (IMs) is their U (H®, k < s, global symmetry
and the fact that they admit both topological and/or non-topological soliton solutions carrying
U (1)®* charges as well [7, 8]. Hence, an interesting problem to be addressed is about the
T-duality of pairs of axial and vector IMs within this family. More precisely, whether the
perturbation breaks a part (or all) of the isometries (i.e. U (1)®¢ to U (1)®™ | sy, < scpr) and
whether certain non-conformal analogues of the Abelian T-duality transformations take place.
The simplest example of a pair of T-dual IMs with only one isometry (i.e. s;, = 1) has been
studied in detail in our recent paper [7, 9]. As one expects, the mass spectrum of the solitons
is indeed invariant under the corresponding non-critical T-duality, but the U (1)-charges of
the solitons of the axial model are mapped into the topological charges of the solitons of the
vector IM and vice versa. An interesting example of T-self-dual IMs is given by the complex
sine-Gordon [6] and the Fateev IMs [10].

The present paper is devoted to the investigation of T-duality properties of the family
of IMs representing relativistic IM belonging to the same hierarchy as the Fordy—Kulish
(multi-component) nonlinear Schrodinger model (NLS) [11, 12]. They can be considered as a
specific Hamiltonian reduction of the A{"-homogeneous sine-Gordon models [13]. Their main
property is the large global symmetry group SL(N) ® U (1), i.e. they admit N-isometries, as in
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the SL(N +1)/SL(N)® U (1)-WZW model. As a consequence the T-duality transformations
relating the corresponding axial and vector IMs of this family are indeed more involved.

The paper is organized as follows. Section 2 contains a brief summary of the general
formalism for the construction of the effective action of a large class of NA-affine Toda theories.
In section 3, we apply these methods for the derivation of the Lagrangians of axial and vector
IMs of reduced homogeneous SG-type. Section 4 is devoted to the symmetries of such models
while in section 5 we explicitly construct the corresponding T-duality transformations.

2. NA affine Toda models as gauged two-loop WZW models

The basic ingredient in constructing massive Toda models is the decomposition of an affine
Lie algebra G in terms of graded subspaces defined according to a grading operator Q,

[0, G]=1G G =G [Gi, Gkl C Graks Ik=0,=+1,.... 2.1)

In particular, the zero grade subspace Gy plays an important role since it is parametrized by
the Toda fields. The grading operator Q induces the notion of negative (G_) and positive (G-.)
grade subalgebras and henceforth the decomposition of a group element in the Gauss form,

g=NBM (2.2)
where N = exp(G.), B = exp(Gp) and M = exp(G-).
The action of the corresponding affine Toda models can be derived from the gauged
two-loop! Wess—Zumino—Witten (WZW) action [15, 7],
_ k _ _ _
Sosm(g. AL &) = Swew(g) — 5 [ @xTr(ABgg ™" — e+ Al og — )+ Agdg ™)
(2.3)

where A = A_ € G_, A = A, € G. and €, are constant elements of grade +1. The action
(2.3) is invariant under

g =a_ga, A =a_Aoc"' +a_da”! A =a Ao, + da; oy 2.4)
where a_ € G_, oy € G-. It therefore follows that Sg/r (g, A, A) = Sg/u(B, A’, A").
Integrating over the auxiliary fields A and A in the partition function
Z = / DADADBe™S (2.5)

we find the effective action for an integrable model defined on the group Gy,

k
Seit(B) = Swzw(B) — > / Tr(e, Be_ B~ ") d%x. (2.6)
bid
The corresponding equations of motion have the following compact form [16]:
d(B~'9B)+[e_, B 'e,B] =0 9(@BB™") —[e,, Be_B~'1=0. (2.7)

It is straightforward to derive from equations (2.7) the chiral conserved currents associated
with the subalgebra gg C G defined as gg = {X € Gy, such that [X, €] = 0}, i.e.

Jy = Tr(XB~'9B) Jx =Tr(XdBB™ dly =0Jx =0. (2.8)

The conservation of such currents is a consequence of the invariance of the action (2.6) under
the G ® G} chiral transformation,

B =Q(Z)BR(2) 2.9)
where Q(2), Q(z) € Gg.

I The G-WZW model in the case where C; is an affine Kac—Moody algebra is called the two-loop WZW model [14].



T-duality in 2D integrable models 4631

The fact that the currents Jx and J x in (2.8) are chiral, allows further reduction of the IM
(2.6) by imposing a set of subsidiary constraints,

Jxy =Tr(XB~'9B) =0 Jx =Tr(XaBB™H) =0 Xeg (2.10)
which reduces the model defined on the group G to the one on coset G / G8. Such constraints
are incorporated into the action by repeating the gauged WZW action argument for the
subgroup Gy. For a general non-Abelian Qg we define a second grading structure Q' which
decomposes Gy into positive, zero and negative graded subspaces, i.e. G = gg o Qg ) gg .
Following the same principle as in [15, 7, 8] we seek for an action invariant under
B" = y(2, 2)y- (2, 2) By+(Z, )12 2) Y. 70 € GYY y_ e GYT y. € G (2.11)
and choose 10(Z, 2), ¥{(Z, 2), ¥-(Z, 2), ¥+(Z, 2) € G such that B” = yyy_By,y| = g €
Gy / Gg since B can also be decomposed into the Gauss form according to the second grading
structure Q. Denote I'_ = yyy— and I'y = y,y;. Then the action

i} k k _
S(B,AY, A0y = Sy w(B) — Z—/Tr(eJ,Be_B’l)dzx ~ 5 /Tr(nA(O)BBB’l
T T

+AOB 9B +nAVBAOB + AP AY) dx (2.12)
(with n = +1, —1 correspond to y; = yp for axial or y; = yofl for vector gaugings’

respectively, A = A(()O) +A9 and A© = A(()O) +A'?), is invariant under I'.. transformations
B =T_BT, AR =AY —nyy o AP =AY — vy 'an
AO =1 A0 —par_r~! AO =1 TAOP, —1r7'r,
where A, A € g0, AY € 0=, AL € G). Hence we have
S(B, A©, A0) = 5(g], A", A7). (2.14)

The general construction above provides a systematic classification of relativistic
integrable models in terms of its algebraic structure, i.e. {g, 0, €4, gg } For example, within
the affine G = SL(N + 1) algebra we have the following families of integrable models:

(2.13)

€)) 98 = () characterizes the choices of

N
Q:(N+1)d+ZAZ-H Go=UMDN ={hy,...,hy}
=1

N
_ (0) (D
=4 (Z Eio‘/ + E:F(011+'"+01N)>
=1

which gives rise to the well-known Abelian affine Toda model (see for instance [17, 16]).
)
@ Gy =U()={r - H}

N
Q=Nd+) n-H  Go=SLQ QUM " ={Eug, i, ... hy}
=2

N
_ 0) (*1)
€ = U (Z Eia, + EﬂF(az+---+aN))
=2

corresponds to the simplest non-Abelian affine Toda model of dyonic type, admitting
electrically charged topological solitons (see for instance [7, 15]).

2 Note that for non-Abelian 98 the invariance of the vector action in (2.12) is a consequence of the Borel structure
of the subgroup elements 'y, i.e. we consider the left—right coset '_\G/T';.



4632 J F Gomes et al

(b) Go=UM)@U(1) ={i - H, ry - H}

N-1 N-1
(0) (£1)
Q=(m—-Dd+Y }-H ex=p (Z Efo + E;W.umm)
=2 =2

Go=SLQ)Q®SLQR)@UM)" > ={Esy, Exay. b1, ... hy}
is of the same class of U(1)®* dyonic type IMs, but now yielding multicharged
solitons ([8]).

(3) G0 = SLQ) @ U(1) = {Exay, 11 - H, 1o - H)

N N
Q=(N-Dd+> n-H  e=p (Z ES), + Ef(;;___w)
1=3

=3
Go=SLB) UM ?={Esq Exa,, Ex(esan, M1, ... hy}

and Q' = A, - H, such that G~ = {E_a}, G~ = {Ea GY% = {h1 - H, )y - H} leads
to dyonic models with non-Abelian global symmetries (see section 6 of [8]).

The classical integrability of all these models follows from their zero curvature (Lax)
representation:
A — A —[A, Al = x0 A A€ ®izg11Gi (2.15)
with
A=—Be_B! A=¢,+IBB7! (2.16)
where the constraints (2.10) are imposed. It can be easily verified that substituting (2.16) into
(2.15) taking into account (2.10), one reproduces the equations of motion (2.7). Then the

existence of an infinite set (of commuting) conserved charges P,,m = 0, 1, ... is a simple
consequence of equation (2.15), namely,

L
P (1) = Tr(T (1))™ 3Py =0 T(r) = lim Pexp/ A, (t, x) dx.
—00 L

Hence the above-described procedure for derivation of the Abelian and NA affine Toda models
as gauged G/ H two-loop WZW models leads to integrable models by construction.

3. Homogeneous gradation and the Lund-Regge type models

An interesting class of integrable models, that generalizes the Lund—Regge model [18], can be
constructed from the affine Kac—Moody algebra G = SL(N + 1) endowed with homogeneous
gradation Q = d and the specific choice of €1 = iy -H®, where Ay is the Nth fundamental
weight of SL(N + 1). The zero grade subalgebra G corresponds to the finite-dimensional Lie
algebra Gy = SL(N + 1) and gg = SL(N) ® U(1). Let us parametrize the auxiliary gauge
fields as follows:

N N
A((JO) = Zai(?»i — i) - HO A(()O) = Zai()‘i — 1) - HO ho=0
i=1

i=1

N—1N-1 N—1N-1 (.17)
0 _ 0 A0) _ = (0)
AT = Z Z ai+l‘jE*(‘1j+“'+Dt,‘) A+ - Z Z aji+l Eolj+---+0li
J=1i=j j=1i=j

where a;;(x, 1), a;(x,t), d;j(x, 1), a;(x, t) are arbitrary functions of spacetime variables. We
next consider two different gauge fixings of 98 , the vector and the axial, in order to derive the
effective Lagrangians for the pair of T-dual IMs.
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3.1. Axial gauging

According to the axial gauging (2.11), n = 1, y§ = ., the factor group element g(‘)f € Gy / G8
is parametrized as follows:

N N
g(j)r = g(])iax =nm n = exp (Z Xi E—(a,-+-~+otN)> m = exp (Z 1//iEOt,+~~+aN) .

i=1 i=1

(3.18)
After a tedious but straightforward calculation we find
Tr(Ag" Ay + AVgd AVg) " + AV dg] 8] go + A0 0g])
I N=1N=—
=a;M;ja; +a;N; + N;a; + Z Z i1 @1, j Bi ke + Wivt Xir1)
j=1i=j k=j
N—1N-1 N—1N-1
A Vin 00— ) Y Ais1 j Xint IV (3.19)
j=li=j j=1i=j
where we have introduced M;; and N;, N as
M; ;=20 —Xi—1) - (Aj — Aj—) +¥ixidi i,j=1,....,.N X =0

N; = Zai+1,j)(i+1 —ax; | v, N; = Zc_lj,ml/fm—él/fj X

Py —
In order to derive the effective Lagrangian of the axial model we have to integrate the auxiliary
fields ay, @;, a;j 41 and a;,; ;. We shall consider the particular case N = 2,i.e. G = SL(3),
where the Gaussian matrix integration is quite simple. Then, in the parametrization (3.18)

B = eX1E-u o2 E-ayt T3 E-aj-ay oP11+¢2h2 eKZzEuzﬂﬁsEa]mz e]/;lEal

X1 E- 300 HR 30 HRy) o1 B

= h1Ee @3 CrHRIVHR) (of o3
-ax 3.21
8oun = X1 E—aj-ay 112 By oV Eajiayti2Eay ( )
Q1hi +¢oho =2 - HRi + Ay - HR)
we have M;;, N; Nj,l Jj = 1,2 in the form
2
= + —_—=
M=|3 W;Xl , (3.22)
-3 3+ VX2
and
_ = _ = —(0x1 — a1 x2)
N = (~@ — aamx, —Gadv)) N = (0 @iy (3.23)
—(ndx1)

Integrating first over the a; and a; and next on the a;,, a»; we derive the effective action of
the SL(3) axial model

Sax = ——/dzdz ( (3%3)(2(1 +Yx1 +Yax2) +0v1dxi(1+Yax2)

1 _ _
- §(¢2X13¢13X2 + X2¢13¢23X1)) - V) (3.24)

where V = p?(2 + ¥y x1 + Vax2) and A = (1 +Y2x2)* + ¥y x1 (1 + 292x2).
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3.2. Vector gauging
For the explicit SL(3) case, the zero grade group element B is written according to the vector
. —1
gauging (n = L, yg =y, ') as
B = eX1E-« o2 E-ayt T3 E—aj-ay oP11+¢2h2 e&zEuzﬂﬁsEa]mz e]/;lEal

7 Lo, . — L. . I
— eX‘E—D‘l ez(’\‘ Huy+)-Huy) (g({,vec) e 2()q Huy+Ay-Huy) ew'Eﬂl (325)

where g({vec = e 2E-w N Eaa gbi+erhy gh By +h Eajvay  We next choose i, uy such that

1 ~ 1
Joe 2 =—n Vaer =1
)~(3 e—%(uﬁuz) =1 I/’}Se%(uﬁuz) =1.

Taking into account the parametrization (3.17) for SL(3) we find

0) 70 O _ 5 zO _f-1 A0 _f=1aq f O35 f f=1
Tr(AO AO - AO gO,vecAO 80, vec + AO gO,vecagO,vec - AO 8gO,vech,vec)
= aj@ A +ai(apititz + L) e + ay (@it — K1) € + agdgitf €M
+ 6102(7021‘22 62¢2_¢' +dop (8(1)1 + 1 3I1 e¢1+¢’2) + &02(8¢2 — 3¢1 + tzalz e_¢'+2¢2)

— agi1 (3¢ + 110t €”*?) — 4y (3py — Dy + 1ot e~ H2) (3.26)

where A = 15 #1792 —e2?1=%2 We first take the integral over a; and @ in the partition function
(2.5) with the action given by (2.12). As a result we get

_ 291, 0t

Line = ao; Mija()j +apN; + N;ay + ZTH g2(di+¢2) (3.27)

where
t2

My, = _Zl Sl My = t3 2 My =My =0 (3.28)

and
He3 ot 5
Ny = 3¢y + 1,91, e”9 — —=¢ @Gr+én) Ny = 3¢y — 3py + 1231, € 91722
» (3.29)

_ _ - ntyot _ - _ _
Ny = -3¢ — 1,31, e”* + % Ot Ny = 3y + ) — i e N2,

We next integrate the fields dg; and ag;, i = 1, 2 in equation (3.27). Together with the standard
form of WZW action Swzw (g({ Vec) we arrive at the following effective Lagrangian for the
vector IM:

1S _ 3dp ., . - -
Luee = 5 ;mﬁd)iad); + ;12 Le=9=9 1 56,0 In(1)) + 3¢, 3 In(ry)
B a¢15¢1 (?)26_2¢1+¢2 N 5(¢2 - ¢13?(¢2 - ¢1) e¢1_2¢2
1 2
+0(¢r — ¢ In(12) + (2 — ¢1)d In(rr) — V (3.30)

where V = MZ(_% — 1F e+ — (2% and n;; = 28;; — 8 j—1 — 8 j+1. The integrability
of the axial (3.24) and vector (3.30) models is a consequence of the Lax representation (2.15)
and (2.16) valid for both models.
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4. Local and global symmetries

Before imposing the subsidiary constraints (2.10), the model on the group G described by
(2.6) is invariant under chiral transformation (2.9) generated by G8 ® Gg. For the explicit
SL(3) case, the associated Noether currents are given in terms of the axial variables defined
in (3.21) as

Joay = 001 = PT051 €™ + 00102 — ¥3) ™
+(0% — %205 (W1¥2 — ¥3) P e + 0 R,
Joy = 031" = §2(%s — %2031 M1
JonH = %(231?1 +ORy) — V1351 e® + (Y1ra — ¥3) (3% — %20 j1) e®he
Dot = 3(OR +20R2) — 20 fo €™ — P393 — 20 x1) ™1
Joy =051 — %101 R + 09 (i %2 — %3) €™
+(03 — V200 1) (ufe — %) K1 e + 310 R,
T = 0%1eM — %2(003 — Y20 y) e
Jon = %(251?1 +dRY) — 7101 €™ + (ke — X3)(0Ys — Y0yry) M1t
ot = %(51?1 +20R)) — %20V €™ — 3303 — ¥20yr,) MR
where 8J = 3J =0and J = J;,.yhy + Sy nha + Y, JuE—o + J_gEq, 00 = a1, 02, @) + 2.
Apart from those Noether currents (4.31) note the existence of topological currents

Jou = € o=1{Ri,i=123;,v%,,j=123} (4.32)

The reduction from the group Gy to the coset G / Gg implies the vanishing of currents (4.31),
which defines the unphysical non-local fields R; in terms of v;, x;:

a 3 a 3
R, = Yiox, (1 + 5%X2> L <A2+ Elﬂl)(l)

4.31)

A A
Yiox1  v20x 3
0R, = + 2AH + —

2 A A 2 2llfl)(l )
= X109 3 X202 3 '
oR| = 1 — — A _

1 A ( +2¢2X2> A 2+2¢1X1
= X10Y1  x20Vn 3
ORy = =2~ 2= T2 2A _

2 At 2+ 21#1)(1

where A = (1 +v2x2)> + Y11 (1 + 3¥2x2). A2 = 1+ x; and
F1 = xze 2k Ui=1yse” 3R X2 = X2 e 7k Vo= e ik 4.34)
¥3 = x1€ —3(Ri+Ry) 153 = e—%(RH'Rz). ’
In addition we find
X1 = % ( X182 — —Xlllfza)(z) e 2R
v Vi 1 —iR
0y = =X 0x2(L+ 1 x1 +¥2x2) — —X21/f13X1 e 2
(4.35)
_ . X2 { = iR
0y = A ( Y1Ag — —1/f1X231ﬂ2> '
=~ X = = _1
X1 = Zl (31/12(1 +Yix1+Yaxe) — Exllﬁza%) e 2h
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Using the equations of motion derived from (3.24), we prove the following conservation laws>:
9j=09j J=Jg Jn J=Jr =12 (4.36)

where j = 3(jo+ ji). j = 5(jo — j1) and

JRop =€ R i=1,2 Jivn = € Juin = €. 4.37)

Under the reduction (2.10), the topological currents (4.32) in the group G become Noether
currents (4.37) in the coset G / Gg and their conservation is a consequence of the invariance
of action (3.24) under the following non-local global transformations:

Sy = 3(—€1 —er+ & + &)Yy — se_ Y +E (v e ik 4 sV1%1)
Sxi=Ne+e—& —e)x -t e (e R+ 1)
8vn =e_(3v2%1 — ¥ e_%R‘) — et +i(—a+ )

Sx2 = & (3281 — X1 eféRl) —te Ui+ 3@ —@)x

where €; — €|, €, — &, €_ and &, are arbitrary constants. The algebra of such transformations
can be shown to be the g-deformed Poisson bracket algebra SL(2), ® U(1) [19], with

q = exp (—27”) The global symmetries of the vector model generate the same algebra.

5. Non-conformal T-duality

T-duality in the context of the conformal o -models
1 ’
seonf — o / d’z ((gMN(X)n’” + e byn (X)), XM, XN + %R(Z)(p(X)> (5.39)

(u,v=0,1,M,N = 1,2,...D and R® is the worldsheet curvature), represents specific
canonical transformations (CT): (H Xy X M ) — (H Ru XM ) that map (5.39) into its dual
o-model S(‘;""f(GM,N(f(), BM,N(X), q)()?)). In the case of curved backgrounds with
d-isometric directions (i.e. the metric gy n (X™), the antisymmetric tensor b,y (X™) and the
dilaton ¢ (X™) are independent of the d < D fields X, (z,2), o = 1, 2, ... d) the corresponding
CT has the form:

My, = —20, X, My, = —23, X, (5.40)

and the other Ily, and X,,,m = d + 1, ... D remain unchanged. Then T-duality manifests
as (matrix) transformations of the target-space geometry data of (5.39): euyn(X) =
bun(X) + gun(X) and p(X) to its T-dual Ey(X) = Byny(X) + Gy (X) and ¢ (X) [20]:
Eaﬁ = (eil)aﬁ Enn = emn — ema(eil)aﬂeﬁn

(5.41)
Eam = (e_l)geﬁm Ema = —€nmp (e_l)g ¢ =¢ - ln(det eaﬂ)~

By construction the dual pair of o-models S (e, ¢) and S (E, ¢) share the same spectra
and partition functions. Their Lagrangians are related by the generating function F [1]

L(e,9) = L(E,$) + C:i—f /dx(X 29, X — 3. X - X). (5.42)

~ 8o’
An important feature of the Abelian T-duality (5.40) and (5.41) is that it maps the
U(1)® Noether charges 0% = [ Jdx of S<(e, ¢) into the topological charges

3 Note that (4.35) denotes non-local fields Ry, Ry, ¥1, %1 in terms of the physical fields 1, ¥, x1 and x2 and hence
conservation of (4.37) is non-trivial.
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~f§) o = ffooo 3, X% dx of its T-dual model S~§°“f(E , ¢) and vice versa, i.e. we have

T =" (X)) 0, Xp + " (X)) 0 Xw = €,0" X

Jo __ paf iy % am (% v Vyo (543)
JM_E (X0, Xpg+ E“"(X,)0, X = €,,0" X

and therefore

T: (0% 0%) = (Qips O°)-
Different examples of such T-dual pairs of conformal o -models have been constructed in terms
of axial and vector gauged G/H-WZW models (see [4] and references therein).

On the other hand, the IMs considered in sections 2 and 3 have as their conformal
limits (©u = 0, i.e. V = 0 in (3.24) and (3.30)) the corresponding axial and vector gauged
SL(3,R)/SL(2, R)QU (1)-WZW models which are T-dual by construction. They have d = 2
isometric directions, i.e. ey n (¥;, x;) are independent of ®; = ln( ﬂ) The T-duality group
in this case is known to be O (2, 2|Z) (see for instance [2]). The problem we address in this
section is about T-duality of the IMs (3.24) and (3.30). We first note the important property
of these IMs, namely adding the potentials V = Tr(e,g] e (g] )_1) breaks the conformal
symmetry, but one still keeps two isometries, i.e., U (1) ® U (1) invariance, say ®; — ©; +«;
in the axial case. This suggests that the T-duality of the conformal G/H-WZW models can
be extended to T-duality for their integrable perturbations (3.24) and (3.30). In order to prove
it we extend the Buscher procedure [20] of deriving the T-dual of a given conformal o -model
(with d isometries) to the case of IMs, i.e. in the presence of the potential V (X,,).

5.1. Isometries and T-dual actions

Let us consider the Lagrangian density of the form
Ligg = L& (O Xin) = V(Xon) (5.44)

where £ is the Lagrangian (5.39) with X, = ®, and the potential V (X,,) is independent
of ®,. We next rewrite (5.39) in a symbolic form separating the isometric fields ®,, ¢ =
1,2, ...d from the remaining ones X,,,m =d +1,...D:

Ly = 5®ae“ﬂ(Xm)8®,3 + 00, Ny + NydOy + L (X ). (5.45)
In order to derive Liyf (@4, X,,) of the T-dual IM we apply equation (5.42), i.e.
LYK/{C(@Q’ Xm) = Eill)\(/[((aa’ Xm) - C:)ot(apct - gPot) (546)

where we denote P, = 30, P, = 00, and the second term is nothing but the contribution
of the generating function F(®,, Oy) ~ €"9,0,40, O, We first integrate (5.46) by parts

LiNS = PyeapPs + Py(Ny +304) + (Ny — 00,) Py + L (X ) (5.47)

and next we can take the Gaussian integral in P, and P, in the corresponding path integral.
Therefore, the effective action for the T-dual model has the form

LY Oy, Xpn) = —(Ny — 304) €4 (Ng +00p) + L/(X,y) — 47 (0)? In(dete,s) R (5.48)

in accordance with equations (5.41).

The second question to be addressed is whether the Lagrangians (5.44) and (5.48) are
related by canonical transformations (5.40). In order to answer it, we shall compare their
Hamiltonians:

Hax=®aH9w+anx — L™ HveczéaH@a+Xme — LY¢¢

m m



4638 J F Gomes et al

since by definition

I = - =20 a +Na+1\7a IT = - = 1(2@ +N N ) (5 )
N = — = e . — _ —¢ — 49
Oy Ye) BCap [CH = ap B B B

we find that

H™ = 1Mo, e 4o, — 3Tle, 6,5 (Ng+ Ng) + 00405050 p + 0,04 (Ny — N,

«,

+3(Ni + Noej; (Nj + N j) + H(X,, Tx,, ) (5.50)
and
H* = 1T, eapTle, — 316, (No — No) + 00ue,50.Op + 0, One s (Ng + Np)

+3(Ni + Noey (N + N j) + H(X,, Tx, ) (5.51)

where H(Xm, me) = X,Ix, — £'(X,). Finally we observe that H* = H**, ie.
integrable models (5.44) and (5.48) have coinciding Hamiltonians if the transformation

Mo, = —20,0, Mp, = —20,0, (5.52)

takes place. This is precisely the canonical transformation (5.40) relating the T-dual pairs of
o-models.

5.2. Axial-vector duality for homogeneous grading models

In order to prove that the axial (3.24) and vector (3.30) IMs are T-dual to each other, we apply
the procedure explained in section 5.1. Starting from equation (3.24) we recognize the two
isometric ‘coordinates’ to be ®, = ln(%), a = 1, 2. By changing variables

Yar Xa —> O an = VYmxm m=12

one can rewrite £** in (3.24) in the form (5.45) with

9a;d da,d 9a;d 9a,d 2
LX) = 20N (4 4 gy + 2290 (1 4 gy 4 gy - 201002 00200 —,u2<§+a1+a2)

4Aa 4Aar 8A SA
and
el = —i(l +ar)a; en = —L(l +ai+ax)a; e =€ = S -aid
4N 4A 8A
N, = i ((1 +ay)da; — %maaz) N, = i ((1 tay+az)da; — %a28a1> (5.53)
_ 1 - 1 - _ 1 - 1 =
N, = A (—(1 +ay)0a; + §a18a2> Ny = 1A ((1 tay+ay)da; — 5“28a1> .

Therefore, according to equations (5.46) and (5.47) the axial and vector IMs are related by
canonical transformation (5.52). The identification of L}yf in (5.48) with the vector model
Lagrangian (3.30) becomes evident by observing the relations among the fields,

ar=—1fe™* =g 0= Gr=—5(hr—¢). (554

Another important feature of the axial-vector T-duality is the simple relation between the
isometric fields ®, of the vector model (3.30) and the non-local fields R; (see (4.33)) of the
axial model,

R, = 2(@2 — @1) R, = —2(@1 + 2@2) (5.55)
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The above identification can be established by solving the constraints (2.10) (or in the explicit
form (4.33) for the SL(3) case) in favour of the non-local fields of the vector model ©;:

a +1

2
90 =dlna; — (R +Ry) — 3 2R, + R>)

2a,+ 1
8@2:81na2+§

1
(R — Ry) — 0(2R, + Ry)
as 3

) (5.56)
g®1 = —5lna1 + é(Rl + Ry) + 5

ap +

1.
3R, + Ry)
1

2ar,+ 1 - 1._
3(R1 — Ry) + 58(2R1 + Ry)

5@2 = —E_ilnaz — 5

ap
and next comparing the RHS of equation (5.56) with the U (1) ® U (1) conserved currents of
the vector model Lagrangian (3.30). We can further write equations (5.56) and (4.33) in the
compact form

TosX = €,0"0; = Ji TS = €ud" Ry = J0™ (5.57)
or equivalently
Ligy™ = €001 = —L(J2™+20%) Iy =€,,0"0y = L(J™ = J2™).  (5.58)

For the SL(3)-case in consideration these equations exemplify the main property (5.43) of the
T-dual pairs of models

Qz),;lx — Qa,vec Qfgl\)lec — Qa,ax (559)

namely that T-duality relates the topological charges Qf,* = [ dxd,0, tothe U(1) ® U(1)-
charges Q% of the axial IM and vice versa.

An explicit realization of the above exchange of topological and U (1)-Noether charges
(similar to the momentum-winding numbers exchange in string theory) has been observed in
[7], analysing the 1-soliton structure spectrum of the corresponding dyonic IM. The masses
of the solitons of axial and vector models remain equal, but the U (1) charge of the axial non-
topological solitons is transformed into the topological charge of the vector model solitons.
Similar relations take place in the pair of T-dual non-Abelian dyonic models (3.24) and (3.30)
in consideration [19].

6. Conclusions

We have demonstrated how one can extend the Abelian T-duality of the conformal gauged
G/ H-WZW models to their integrable perturbations, which appears to be identical to specific
homogeneous gradation NA affine Toda models. More general considerations (presented
in section 5) of generic (relativistic) IMs (as well as for non-integrable models) admitting
isometric directions (i.e. with few global U (1) symmetries) make it evident that one can
construct their T-dual partners by appropriately chosen canonical transformations. The most
important new feature of the T-duality in the context of 2D integrable models consists in its
action on the spectrum of the solitons of the corresponding pair of dual IMs. As one can
expect it maps the U (1)®¢-charges of the solitons of the axial model (with d-isometries) to
the topological charges of the solitons of its T-dual counterpart, leaving the soliton masses
unchanged.

The quantization of the NA affine Toda models usually requires non-trivial counterterms
[7, 10, 21] together with the renormalization of the couplings and masses. Hence, an interesting
open problem is whether the quantum vector and axial IMs continue to be T-dual to each other.
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